ABSTRACT The Warburg effect, or aerobic glycolysis, is marked by the increased metabolism of glucose to lactate in the presence of oxygen. Despite its widespread prevalence in physiology and cancer biology, the causes and consequences remain incompletely understood. Here, we show that a simple balance of interacting fluxes in glycolysis creates constraints that impose the necessary conditions for glycolytic flux to generate lactate as opposed to entering into the mitochondria. These conditions are determined by cellular redox and energy demands. By analyzing the constraints and sampling the feasible region of the model, we further study how cell proliferation rate and mitochondria-associated NADH oxidizing and ATP producing fluxes are interlinked. Together this analysis illustrates the simplicity of the origins of the Warburg effect by identifying the flux distributions that are necessary for its instantiation.
INTRODUCTION
Aerobic glycolysis, or the Warburg effect, is defined as the production of lactate from glucose that occurs even in the presence of oxygen (1) . It is a common feature of tumor and developing cells, and the measurement of glucose uptake through imaging using positron emission tomography with fluorodeoxy glucose (FDG-PET) is a common cancer diagnostic (2) . The phenomenon is conserved across metazoans, and even Baker's yeast carries out fermentation in the presence of oxygen in specified conditions (3) . The Warburg effect is positively regulated by oncogenes (e.g., Myc, Kras) and negatively regulated by tumor suppressor genes, such as TP53 and PTEN (4).
It is generally considered a counterintuitive phenomenon. It is a less efficient mechanism of energy metabolism, since only two molecules of ATP are produced from one molecule of glucose. It also precludes the utilization of carbon for biomass since, by its definition, the secreted lactate is an end-product and cannot participate in biomass synthesis. Hypotheses on the function of the Warburg effect (5) include, but are not limited to, limitation of the total number of enzymes by molecular crowding (6) (7) (8) ; creation of an imbalance between NADPH and ATP production and consumption in biomass synthesis (2) ; requirement of rapid ATP generation for the transient energy demand of membrane transporters (9) ; or a consequence of competition with other cells in a population (10) . Stoichiometric models of cellular metabolism are widely used in elucidating these hypotheses (11, 12) . However, these models tend to involve thousands of coupled algebraic equations and even more flux variables that often lead to difficulty in both reducing the dimensionality of feasible regions of the model and interpreting the resulting solutions. Also, mass-action-based kinetic models of glycolysis have lent insights into glucose metabolism, but these models contain large numbers of parameters, which can also limit their interpretation (13) .
In this study, we consider a simple flux balance of glycolysis and identify the flux distributions that are necessary for the Warburg effect. We then integrate experimentally measured flux data into the analysis to illustrate the conditions that result in the Warburg effect and show the possible transitions that can occur from normal tissue physiology to that of aerobic glycolysis. This analysis provides a set of quantitative relationships for flux configurations necessary for aerobic glycolysis or oxidative metabolism in the mitochondria, and demonstrates a ''redox-limited'' mechanism of the Warburg effect. Our analysis reveals the central role of redox balancing in leading to the Warburg effect and its correlation to proliferation rate. We also construct the landscape of balanced fluxes in glucose metabolism to enable a global overview of quantitative relationships among the interacting fluxes. Despite its extreme simplicity, the model provides insights into the origin of the Warburg effect and is supported by multiple experimental studies.
MATERIALS AND METHODS

Evaluation of k
According to the molecular composition of cellular dry weight (DW) and number of serines, glycines, and one-carbon units needed to synthesize the precursors shown in Table S1 in the Supporting Material, 0.1675 mmol serine molecules, 0.7109 mmol glycine molecules, and 0.1750 mmol onecarbon units are needed to produce 1 gDW of cellular material. Since serine produced by J out can be either directly used in synthesizing proteins or form glycine and one-carbon units, the total amount of serine needed can be calculated by 
Let m(t) be the total DW of cells at time t and S(t) be the total amount of serine consumed in the synthesis of m(t), and we have dSðtÞ dt ¼ J out mðtÞ ¼ kmmðtÞ;
dmðtÞ dt ¼ mmðtÞ:
Dividing Eq. 2 by Eq. 3, we have
Under the assumption that 1 gDW ¼ 4 gWW, kz219:6 mmol=gWW.
Sampling feasible flux configurations
Rewriting the flux-balance model as matrix equations,
The upper limits on the fluxes were generated by enumerating a combination of 50 different values of J Fig. 4 C) . We also added random solvent capacity constraints to the randomly generated 10,000 models:
RESULTS
Flux analysis of glycolysis
We first considered a balance of the fluxes in glycolysis (Fig. 1 A) . The three fluxes involved in glucose metabolism (carbon flow, energy flow, and redox status involving NAD þ /NADH) are constrained to mass conservation relationships: i.e., at steady state, the rate of glucose entering glycolysis equals the total rate of glucose leaving glycolysis, the rate of oxidation of NADH equals the rate of NAD þ reduction, and the rate of ATP synthesis equals the rate of ATP consumption. These fluxes interact during glycolysis when the carbon backbone derived from glucose is coupled to either a redox reaction (i.e., catalyzed by glyceraldehyde phosphate dehydrogenase (GAPDH) or lactate dehydrogenase (LDH)) or an ATP-coupled process such as oxidative phosphorylation or phosphorylation of ADP by pyruvate kinase. This flux balance results in three equations (Fig. 1 B) . A variable can be defined that quantifies the extent of the Warburg effect through the ratio of flux to lactate (J Lac ) to flux of pyruvate into the mitochondria (J ox ). We should note that other fluxes such as pyruvate carboxylase or incomplete oxidation of glucose in the mitochondria arising from, for example, biosynthesis, would alter terms in these equations, but the overall balance would remain the same. These processes, although often essential for cell viability, are typically small compared to the other fluxes considered.
For the balance of glucose, the equation is
where [Carbon] is the concentration of carbon that enters lower glycolysis, J in is the flux of glucose that has entered lower glycolysis, defined as having undergone oxidative phosphorylation by GAPDH, J out is the flux of glucosederived carbon atoms leaving glycolysis through phosphoglycerate dehydrogenase (PHGDH), J Lac is the flux of glucose leaving as lactate, J Ox is the flux of glucose entering the mitochondria. Note that the convention of glucose uptake in this scenario is such that ATP generation through glycolysis is net zero at this point, immediately before the GAPDH step, since the flux through pyruvate kinases that generates a net production of ATP has not yet occurred.
For ATP metabolism and energy balance, the equation is where [ATP] is the concentration of intracellular ATP, a is the extent of mitochondrial coupling of the citric (tricarboxylic) acid (TCA) cycle to oxidative phosphorylation per unit of carbon entering the TCA cycle (a is thought to be between 15 and 18 for a completely coupled mitochondrion), J PK is the flux through pyruvate kinase that generates a unit of ATP, and J A is the combined rate of ATP hydrolysis that arises from the sum total of ATP-consuming processes in cells. Furthermore, J PK can be estimated from J in and J out considering the balance of fluxes passing phosphoenolpyruvic acid (PEP):
Incorporating Eq. 11 into Eq. 10, then, the equation for
For the NAD þ metabolism and redox balance in the cytosol, the equation is
where [NADH] is the concentration of cytosolic intracellular NADH and J N is the rate of NADH turnover due to the sum total of NADH-oxidizing reactions that occur in the cytosol. Note that the mitochondrial NADH shuttles can transport NADH between the mitochondria and cytosol, thus affecting the redox balance in the cytosol. The majority of J N is carried by the malate-aspartate shuttle (MAS), which is able to translocate electrons produced in glycolysis to mitochondria by oxidizing NADH in the cytosol and reducing NAD þ in mitochondria. Although the MAS is coupled to the mitochondria, these equations account only for the mass balance in the cytosol. Thus, the mitochondria are implicitly involved in this model by defining J N and J Ox . Since evidence from proteomics data suggests that the abundance of glycolytic enzymes exceeds that of enzymes associated with any other metabolic pathways, and GAPDH and LDH comprise most of the total concentration of enzymes catalyzing NADH-mediated reactions (18) , other reactions in the cytosol that produce NADH were ignored for simplicity, but all other reactions consuming NADH in the cytosol were subsumed in the J N term.
Note that there are three algebraic equalities that impose constraints and six fluxes. Thus, three of the fluxes can be considered as independent variables. By rearranging these equations, we can derive expressions for the extent of the Warburg effect, defined as the ratio of flux to lactate over the flux of pyruvate into the mitochondria ðW ¼ ðJ Lac =J Ox ÞÞ. Different choices of the independent variables can yield different interpretations of aerobic glycolysis, which will be discussed in depth in the next sections.
Relationship to fluxes in healthy tissue
After choosing a representation using J A , J in and J N , fluxes with abundant experimental values in literature, we first considered them as independent variables to obtain a view of the extent of the Warburg effect in different tissues:
When measured fluxes are used in Eq. 14, one can estimate the extent of the Warburg effect in different tissues. We note that these fluxes in practice are not necessarily independent; however, the measurements from literature are independent, allowing for analysis of these terms as independent variables. We surveyed a large set of literature measurements of fluxes in human and animal tissues on the rate of ATP turnover (J A ), the rate of the TCA cycle (approximation of J N ) and the absolute glucose uptake rate (approximation of 0.5J in ). Fluxes were converted to standardized units (mmol/gWW/min). A different conversion factor relating DW to wet weight (WW) was considered depending on the tissue (liver, 4 gWW ¼ 1 gDW; muscle, 4.2 gWW ¼ 1 gDW; heart, 5.5 gWW ¼ 1 gDW). For the case of brain tissue, the value is always given in gWW (19) (20) (21) . Note that the conversion factor may vary slightly due to experimental procedures in measuring the fluxes and variation in tissue water content among different studies, but the variation is small compared to its absolute value, since the water content is very similar in these tissues, and thus is unlikely to affect the extent of the Warburg effect estimated from the fluxes (22, 23) . The fluxes and corresponding references are shown in Table S2 .
Incorporating these values into the equations revealed that under conditions of healthy tissue physiology, typical values of the Warburg effect (W) are <0.10, meaning that <10% of the glucose is converted to lactate. Averaging the flux rates for different tissue types resulted in a value of W < 0.3 in each type of tissue with experimental values available for all independent variables J in , J A , and J N ( Fig. 1 C) , which is in line with findings that healthy tissues mainly rely on mitochondrial oxidative phosphorylation for energy demands. Since flux values estimated from the literature have multiple sources of noise due to factors including variation in the conversion from WW to DW and inconsistency between the measured and accurate flux values, we conducted a perturbation analysis to assess the robustness of the conclusion to variation of the fluxes, in which the flux values estimated from the literature were randomly per- Next we identified variation in fluxes yielding the Warburg effect by analyzing the trends of W changing with the fluxes. The effect of increasing glucose uptake is plotted in Fig. 1 E, and it is observed that flux configurations with 10-to 100-fold increases in glucose consumption (while other fluxes remain unchanged) are sufficient to exhibit the Warburg effect. The effect of decreasing ATP turnover is plotted ( Fig. 1 F) , and it is observed that an~10-fold decrease in ATP turnover is associated with the Warburg effect. Together, these calculations define in both quantitative and qualitative terms the necessary and sufficient flux distributions that are required to yield the Warburg effect.
It is worth noting that these fluxes may not be independent; for instance, increasing the proliferation rate can result in an increase in both J A and J in , which means that varying one flux while keeping other fluxes fixed is unlikely to take place in reality. In the next sections, we introduce proliferation rate to further reduce dimensionality of the model's feasible region. We also focus on constraints introduced by flux balancing to derive more rigorous relationships, which is robust to dependence of the fluxes not involved in the model.
Role of redox balance in the Warburg effect and cell growth
Now, if we let J in , J out , and J N be the independent variables, the extent of the Warburg effect, W, can be written as
Note that in this expression, J in þ J out is the total NADH production in glycolysis and serine synthesis, whereas J N is the total NADH-consuming flux, separate from that of lactate production from pyruvate. As the equation shows, the Warburg effect (W > 0) will be necessary when the rate of NADH generated in glycolysis and serine synthesis is not balanced entirely by J N . Since J N mainly consists of the flux of the MAS, it is limited by the metabolic activity of the mitochondria.
Note that J out is the rate of serine synthesis that is involved in multiple biosynthetic pathways (24) . For a further illustration, if we assume that growth is limited by the generation of biomass precursors from glucose such as the purines and pyrimidines obtained from serine synthesis, then the growth rate, m, is proportional to J out :
Such a consideration may hold in certain cases when glucose is the predominant nutrient being utilized for the generation of biomass, as has been hypothesized to occur in growing tumors (2) . Although other precursors, such as amino acids other than serine and intermediates of the TCA cycle and pentose phosphate pathway, also contribute significantly to biomass production, it is still reasonable to expect that J out and m are related, since serine contributes to multiple cellular building blocks. The simplest way to model this relationship quantitatively is to assume that the growth rate is proportional to J out . From this linear relationship and the fact that J Ox cannot be negative, we have m%ðJ N =2kÞ, which implies that cellular growth rate would be limited by the activity of NAD þ regenerating enzymes. The finding that J out is limited by J N is consistent with the positive correlation of expression levels of genes malate dehydrogenase 1 (MDH1), the main enzyme that turns over NADH in the MAS, and PHGDH, the initating enzyme from glycolysis to de novo serine biosynthesis in human breast tumors (Spearman's rank correlation r ¼ 0.3825, p ¼ 1.32 Â 10 À43 ; Fig. 2 A) . The positive correlation between the mean expression levels of genes involved in the MAS and the expression level of PHGDH is also significant (Spearman's rank correlation r ¼ 0.2447, p ¼ 5.06 Â 10 À18 ; Fig. 2 B) . The Spearman's rank correlation coefficients between genes in de novo serine synthesis and genes associated with the MAS are higher compared to that between the expression level of PHGDH (Fig. 2 C) , MDH1 (Fig. 2 D) , or MAS-associated genes (Fig. 2 E) and most of the other metabolic genes involved in the KEGG pathway Metabolic pathways. The correlation is also significant in comparison to correlation with genes associated with glycolysis, the TCA cycle, and oxidative phosphorylation (Fig S2) . Noisiness in the correlation results is likely from numerous factors, including but not limited to the difficulty in obtaining reliable measurements of mRNA transcripts in primary tumors, the heterogeneity of cell types in tumor data, and the discrepancy between levels of transcripts, protein levels, and metabolic fluxes that result from enzyme activity.
In summary, according to our flux-balance considerations, the demand of restoring oxidative power by regenerating NAD þ from NADH produced in glycolysis and serine synthesis affects regulation of glycolysis and central carbon metabolism in multiple ways. It forces lactate production from glucose as compensation if the redox demand cannot be satisfied by the mitochondria-coupled MAS alone. It also limits the capacity of de novo serine synthesis, thus limiting cell proliferation due to net production of NADH in these processes.
Role of proliferation and redox balance in central carbon metabolism
The coefficient k in Eq. 16 can be evaluated from the biomass composition of human cells in literature and from the stoichiometry in the serine-glycine synthesis and onecarbon metabolism. For simplicity, we ignored the glycine cleavage system, whose contribution in replenishing the one-carbon pool is often much smaller than that of serine hydroxymethyltransferase (SHMT) (25, 26) , and uptake of serine and glycine, which will decouple J out with the downstream fluxes. A particular value of k was observed to be 219.6 mmol/gWW and the parameters used in evaluating it are listed in Table S1 .
The energy utilization rate, J A , can be decomposed into two parts consisting of a term for the rate of energy consumed in growth-related processes and a term for the energy consumption rate for processes involved in cellular maintenance (27, 28) , such as the maintenance of ion gradients, intracellular trafficking, synthesis of housekeeping proteins, etc.:
where Am is the energy rate used in biosynthesis, with A being the factor that couples energy rate with growth rate and m the maintenance energy rate. By considering two equality constraints connecting m and two fluxes, we can further reduce the degrees of freedom to two. Let J N and m be the independent variables; then, W becomes 
Flux-Balance Model of Glycolysis
Thus, W is a monotonically increasing function of m and a decreasing function of J N . For W ¼ 1, we have
We can also write J N as a linear function of m for W ¼ 1:
Here, W > 1 means that the glucose flux diverted to lactate production exceeds the flux entering oxidative phosphorylation in the mitochondria, thus providing a quantitative definition of the Warburg effect. For simplicity, let m W denote m W¼1 and J NW denote J N;W¼1 . Since W increases with m and decreases with J N , it is apparent that for m > m W or J N < J NW , W will be >1 and the Warburg effect will be exhibited. It can be interpreted as a ''proliferationinduced'' (considering m > m W ) or redox-limited (considering J N < J NW ) Warburg effect.
To connect these relationships with cellular physiology, we estimated the values for parameters k, A, and m in (19) and (20) from the literature. Values of A and m can be evaluated by measurements of ATP production under varying growth rates and have been found to be A ¼ 8625 mmol=gWW and m ¼ 4.427 mmol=gWW=min (27) . With these parameters, the W ¼ 1 line is determined (Fig. 2 F) . This line separates the (J N ,m) plane into two parts: in the upper left part, W > 1 holds, and in the lower right part, W < 1 holds.
We collected data for doubling time of the NCI-60 cell lines to evaluate distribution of growth rate m in cancer cells, which usually show significant aerobic glycolysis. Since we don't have data for J N in the NCI-60 cell lines, we evaluated the distribution of J N from flux through the MAS in mammalian cells, reported in the literature (Table S2 ). The two-dimensional box plot in Fig. 2 F shows the distribution. Comparing the W ¼ 1 line and the distribution of J N and m, we were able to conclude that the majority of the distribution lies on the W > 1 part. In other words, for the NCI-60 cell lines, if the NADH-oxidizing flux in the cytosol is comparable to the flux through the MAS, reported in the literature, the cell lines have a tendency to show the Warburg effect. We calculated W for the cell lines by W ¼ J Lac =ð2J Glc À J Lac Þ according to exchange fluxes of glucose and lactate (Fig. 2 G) (29) . Consistent with our results, all cell lines except one showed W > 1, which supports proliferation-induced, or redox-limited, aerobic glycolysis as a plausible mechanism of the Warburg effect.
A global map of flux balance in glycolysis
As mentioned, by introducing a growth rate, m, and coupling it with J out and J A , two independent variables are sufficient to describe the distribution of feasible flux configurations. We constructed such a ''landscape of flux configurations'' by sampling the feasible region of the flux-balance model using Latin hypercube sampling and considering its projection on different binary combinations of m, J in , J Ox , J N , and J Lac (Fig. 3 A) . For the details of the sampling procedure, see Materials and Methods.
This global map affords a clear illustration of flux couplings by stoichiometry and their contribution to the Warburg effect. For example, it shows that increasing J in under fixed J Ox , J N , or m will lead to increasing aerobic glycolysis. The only exception about the effect of increasing J in on W is that increasing J in while keeping J Lac unchanged will reduce the Warburg effect, since the increment of J in will be diverted to J out or J Ox . However, in the projection onto J in and J Lac , the minimal W under fixed J in increases with increasing J in , which also demonstrates the important role of increasing glucose uptake in inducing the Warburg effect.
Another key aspect of this global-flux configuration map is the tight correlation among J N , m, and J Ox . This relationship could be intuitively derived from the equality constraints. By subtracting Eq. 13 from Eq. 9 and replacing J out with km, we have
Thus, if two of the three variables J Ox , J N , and m are linearly coupled, each will be linearly coupled. Due to the assumed linear coupling of J A and m, m is approximately linear to J Ox if the mitochondria-related term aJ Ox comprises most of the total ATP production flux, J A . We calculated the fraction of glucose-derived carbon atoms entering the mitochondria, W/(W þ 1), and the fraction of ATP produced in mitochondrial oxidative phosphorylation, aJ Ox =J A , for 20,000 flux configurations uniformly sampled in the feasible region of the model. Despite the fact that a substantial fraction of the flux configurations exhibit significant Warburg effect (Fig. 3 F) , in most flux configurations, the majority of the ATP is produced in mitochondria (Fig. 3 G) . Since J Ox is linear to the ATP yield in mitochondria, which is approximately the total energy requirement that is linear to the growth rate, J Ox is also approximately linear to the growth rate, m. To summarize, the coupling among growth rate and mitochondria-related fluxes J N and J Ox is a direct consequence of high energy demand associated with rapid proliferation.
To test the hypothesis that cell proliferation is in part determined by J N , we compared expression levels of MAS-related genes in NCI-60 cell lines and growth rate measurements. As shown in Fig. 3 B, the average expression levels of genes associated with the MAS (MDH1, MDH2, GOT1, GOT2, SLC25A11, SLC25A12, and SLC25A13) positively correlated with growth rate in cancer cells. For J Ox , we used the average expression level of pyruvate-dehydrogenase (PDH)-related genes to approximate it. Comparing the expression level of PDH and growth rate, we also observed a statistically significant positive correlation between them, which further supports this model. The correlations between growth rate and the MAS and PDH expression values are significant in comparison to correlations between growth rate and genes involved in the KEGG pathway Metabolic pathways, Glycolysis/ gluconeogenesis, TCA cycle, and Oxidative phosphorylation (Fig S3) . Variation of the parameters obtained from Latin hypercube Monte Carlo sampling changes the shape of the feasible region, but the correlation and how the extent of Warburg effect changes with the fluxes is not affected (Fig S4) .
Interplay between proliferation and mitochondria activity in determining the Warburg effect
The global map of flux balance described in the section above can give a clear illustration of the relationship between proliferation and NADH turnover, as well as the way they regulate aerobic glycolysis. As Fig. 3 D shows, although increasing proliferation rate m under the same J N leads to higher W, the current value of J N will limit m from further increasing. Further increasing m requires a concomitant increase of J N , which has the opposite effect on aerobic glycolysis. The interaction of these two effects in combination attenuates aerobic glycolysis, as shown in Fig. 3 D, where the flux configurations in the top right corner of the feasible region show less aerobic glycolysis compared to those in the bottom left part. The trend of the Warburg effect changing with m and J Ox is similar, since increasing m also requires an increase of J Ox due to the energy demand in proliferation (Fig. 3 A) . For the NCI-60 cell lines (Fig. 3 E) , we approximated the mitochondrial activity by the average expression level of MAS and PDH genes and showed how the extent of the Warburg effect varies with growth rate and mitochondrial activity. Here, we used MAS and PDH expression levels as surrogates of mitochondrial activity, because they are directly related to the two mitochondria-associated fluxes, J N and J Ox , in the model. Cell lines with less aerobic glycolysis (Fig. 3 E, small blue circles) distributed in the top right part where both growth rate and mitochondrial activity are high.
Reevaluation of the growth-rate-maximization hypothesis
After this analysis, the question of why proliferating cancer cells adopt flux configurations that favor aerobic glycolysis remains unclear. A commonly accepted hypothesis is that maximizing a biomass production flux (i.e., the growth rate) under some constraints on the fluxes leads to the Warburg effect. Our model challenges this hypothesis by revealing the possibility of proliferating fast without exhibiting the Warburg effect and an opposite relationship between growth rate and the Warburg effect. To further evaluate this hypothesis, we generated 2500 models under different combinations of upper limits for J N ranging from 0.1 mmol=gWW=min to 5 mmol=gWW=min and J in ranging from 0.2 mmol=gWW=min to 10 mmol=gWW=min, calculated the flux configuration maximizing the growth rate, m, and the corresponding W (Fig. 4, A and B) . Although maximizing m under a majority of the models leads to nonzero lactate production, there exist models for which maximizing growth rate without aerobic glycolysis is possible. Adding randomly generated upper limits for the remaining fluxes and a random solvent-capacity constraint, i.e., the upper limit of the weighted sum of the fluxes (this implies that the flux configurations are limited by the capacity for the total amount of metabolic enzymes), resulted in even a larger fraction of the models maximizing growth rate without the necessity of the Warburg effect (Fig. 4 C) . The results appear to imply that whether biomass production maximization leads to aerobic glycolysis depends on constraints (e.g., the maximal abundance of the enzymes or substrates) on the fluxes and needs more careful examination. In line with this, there is also evidence supporting the existence of rapidly proliferating cells without the Warburg effect (30, 31) .
DISCUSSION
To our knowledge, the equations for mass balance in glycolysis presented here show for the first time how the Warburg effect can be described analytically by a combination of a few fluxes using only a couple of parameters that have a clear biological interpretation. We were able to elucidate the origin of the Warburg effect and the interaction of fluxes in glycolysis and several related pathways using a relatively simple set of equations that are constrained by mass conservation in central carbon metabolism. Despite its extreme simplicity, the model is able to describe completely the Warburg effect and the fluxes needed to maintain the mechanisms that induce its form of metabolism.
From the derived relationships, it is apparent that the Warburg effect is determined by a combination of several fluxes, including the rate of glucose uptake, ATP hydrolysis, and the extent of mitochondrial uncoupling of NADH turnover. The other variables involving redox regeneration, and the extent of biosynthesis, have constraints on their maximum rates. For example, the turnover of the redox status is limited by the rate of flux through the TCA cycle in the mitochondria. Furthermore, our model demonstrates in exact terms the central role of redox balance in the Warburg effect by showing that although changing various fluxes in the model can lead to aerobic glycolysis, it is the demand to oxidize NADH produced in glycolysis and biomass synthesis, which cannot be oxidized by cytosolic NAD þ -regenerating enzymes alone, that entails aerobic glycolysis. The limited NAD þ -regenerating capacity not only leads to aerobic glycolysis under some conditions but also limits the cell's ability to increase flux passing biosynthesis pathways and supply growth. Consistently, inhibition of aspartate aminotransferase, which functions in the MAS, was reported to suppress growth in some cancer cells (32). Two recent studies reported that adding aspartate or other electron acceptors can restore proliferation in respiration-inhibited cells (33,34), which can be reflected in our model as relaxing the constraint on growth rate by increasing J N.
Furthermore, when growth rate is coupled to two fluxes in the model, mechanisms for how growth rate is coupled to the Warburg effect are apparent. Nonzero lactate production is necessary under high growth rate when the cytosolic NAD þ -regenerating flux of the cell fails to oxidize all NADH generated in the glycolysis and biomass-synthesizing pathways. We expect that the conclusions on the role of redox balance in both regulating the Warburg effect and limiting the growth rate can be validated by experiments identifying the effect of perturbing J N -related reactions, e.g., knockout of MAS-associated genes, or introduction of the redox-uncoupling agent a-ketobutyrate, on both growth rate and lactate production (33). For example, we showed in a recent work that knock down of MDH1 resulted in attenuation of the protective effect of exogenous lactate, thus supporting the role of J N and J Lac in keeping redox balance in the cytosol (35). Finally, we were able to construct the set of all feasible fluxes, which reflects the tight control of oxidative phosphorylation and the MAS over cellular growth rate.
The global flux-balance map also affords a clear illustration of how aerobic glycolysis is linked to growth rate and mitochondrial activity. According to the global-flux-balance map, growth rate, together with mitochondrial activity, affects the extent of the Warburg effect in a counterintuitive manner. Although some hypotheses on aerobic glycolysis consider it a consequence of adjusting cellular metabolism to satisfy energy and biomass requirements in proliferation (2,36), our analysis indicates a different trend. Due to the correlation between proliferation rate and mitochondrial activity, cells that proliferate faster often have more active mitochondria, thus exhibiting weaker aerobic glycolysis. We also showed that the Warburg effect may not be the result of maximization of biomass production by calculating flux configurations that maximize the growth rate under different combinations of upper limits of fluxes in the model.
Several assumptions, although apparent in certain settings, are not likely to be general. First, for some of the analysis, we assumed that growth rate is linear to flux of de novo serine synthesis, which is not always the case. Although various malignant cells rely on PHGDH for proliferation, the effect of PHGDH knockdown on proliferation varies among cell lines (37,38). Thus, J out and m are decoupled in many settings. Similarly, the assumption that ATP-hydrolyzing flux is linear to proliferation rate is not general. Nevertheless, replacing these linear equalities with a weaker association between the growth rates and serine-synthesizing or ATP-hydrolyzing fluxes is consistent with our conclusions on the proliferation-induced or redox-limited Warburg effect and the positive correlation among J N , J Ox , and m (Fig S5) . We also assumed that the fluxes are independent except for the constraints on balancing them, thus ignoring all signaling and genetic regulatory events that may introduce additional constraints by regulating multiple fluxes simultaneously. For example, the PI3K pathway regulates the activity of glycolytic enzymes, causing both upregulation of glycolysis and downregulation of flux entering mitochondria (4) . Regarding the fluxes J N and J Ox , they are also correlated, since they are both associated with the mitochondria. However, each of these scenarios involving coregulation of coupled fluxes still obeys the mass balance constraints and results in points on the landscape. Since the main conclusions derived from the model are direct consequences of the equality and inequality constraints, they will remain unchanged even if we consider additional constraints. Energy sources other than glucose are also not considered in the model. We also demonstrated that further consideration of contributions from other energy sources like glutamine will not alter the conclusions by analyzing an alternative model allowing ATP to be produced from other sources (Fig S6) . Another term that may affect the form of the model is the contribution of the NADH-transporting flux carried by the mitochondrial NADH shuttle to mitochondrial ATP production by oxidative phosphorylation, which appears as the third term in the J A equation. Analysis of a modified model including this flux further supports the robustness of the main conclusions to variations in determining the accurate boundary of the model (Fig S7) .
Correlating model predictions with transcriptomics data has limitations. Transcriptomics data are most abundant for both cell lines and human tissues, which are not amenable to further experimentation, but such data are limited by inherent difficulties in comparing them to metabolic fluxes due to low correlations between mRNA and protein levels (39) and other factors besides abundance of enzymes in determining metabolic fluxes (e.g., posttranslational modification and allosteric regulation of enzymes).
To summarize, the flux-balance model of glycolysis presented here can be used to demonstrate the condition from which aerobic glycolysis arises. It revealed the central role of redox balance in inducing aerobic glycolysis, thus elucidating a plausible mechanism of redox-limited aerobic glycolysis. However, it doesn't exclude the possibility that cancer cells adopt the Warburg effect because the lactate production provides cell-inrinsic or cell-extrinsic benefits in some other way (5) . The conclusions on the relationship between the Warburg effect and redox balance can be further validated by experiments showing how the Warburg effect and growth rate will respond to alterations in the redox state in cytosol. 
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